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R"Tx - Q=0

we have det ) pseff.

e Can be seen as generalisation of Miyaoka’s semi-positivity theorem.
e Proof is rather indirect, based on a result we next discuss.

e So far, there is no differential geometric argument.
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e Let v € Mov(X), e.g. v=g¢" ! where g is a Gauduchon metric, 89g" ! = 0.

e £ is a coherent, torsion-free sheaf; its slope with respect to ~:
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» iy min(€) = inf{p,(Q): & - Q — 0}

Theorem (..., [CP19], [025], [CP25])

Let X be a compact Kéhler manifold, F C Tx foliation, fiy,min(F) > 0 for some
v € Mov(X). Then there exists

p: X ——Y
such that generically 7 = T’x,v, fibers are rationally connected.

e In case F = Tx, this is due to W. Ou.
e It follows that X is uniruled and Kx not pseff.

e Main techniques involved in the proofs: positivity of direct images and
algebraicity criteria for holomorphic foliations
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Let p: X — Y be an algebraic fiber space, and let (L, hr) be a line bundle over Y,
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Let 5 € Hl’l(X, R) be a semi-positive class. We assume that the adjoint class
c1 (ny) + ﬁ|xy is Kéhler, y € Y, generic. Then the relative adjoint class
c1(Kx/y) + 8 contains a closed positive current.

e Monge-Ampeére theory:
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A few comments about the previous result
» The (local) projectivity of p would be sufficient, used in approximation process.
» Consequence: if Z(hr) = Ox and Kx, + L|x,, pseff, then Kx,y + L pseff.
» What about the Kahler case?

The following important problem is open.

Conjecture [HC]

Let p: X — Y be a holomorphic surjective map between Ké&hler manifolds. (L, hr)
is a line bundle over X, such that /=104, (L) > 0. Assume that the multiplier
ideal sheaf of hr, is trivial, and that (Kx + L)|x, is pseff. Then Kx,y + L is pseff.

e Main difficulty: absence of a natural candidate. Nevertheless, a particular case:
Theorem [T10], [P12]

Let 5 € Hl’l(X, R) be a semi-positive class. We assume that the adjoint class
c1 (ny) + ﬁ|xy is Kéhler, y € Y, generic. Then the relative adjoint class
c1(Kx/y) + 8 contains a closed positive current.

e Monge-Ampere theory: it provides a "continuous" analogue of the Bergman kernel.
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generic fiber of p vanishes. Then Kx,y + L — D(p) is pseudo-effective.
e We denote by D(p) the discriminant of p.
e Few comments:

» The restriction w + ¢ + @|x, plays the role of an ample.

» Why it is non-trivial: the ample in question is only determined up to a top
trivial bundle! The objects we construct locally above some open subset of Y’
might not define a global object.

» Why it nevertheless works: we can construct a natural, positive representative of

er(Fxpy + L - D(p) + - {w).
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It follows that F|x, is a rank r vector bundle, codimx X \ Xo > 2.

Given z € Xo, 3Q, C Xo and 75 : Q; — C"" submersion, Flq, = kerdn, so
the fibers of 7, correspond to the local leaves of F

Let (2;)ier be a locally finite covering of Xo, define Q= Ui x Q; € X x X.

Let A C Q consisting of (z,w) € Q such that m(z) = w(w). It is locally closed,
analytic, of dimension n + 7 (in general, doesn’t extends to X x X !).

Consider V := XZM, so that Xo CA C V.

The foliation F is algebraic if and only if

dim V = dim A,

so that A is the restriction to Q of an analytic subset of X x X.
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» Claim: Kx, is not pseff
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» Claim: o|x, = 0.If not, it induces a non-trivial map A*F — Ox, implying
u~(Ox) > 0, which is (very) wrong.

> It follows that w + o 4 7|x,, is rational and positive, hence X, projective.

» Claim: Kx, is not pseff If not, it follows that Kx,y — D(p) pseff, and so
w~(F*) > 0, again a contradiction.

» The fibers X, are projective, canonical not pseff, so they are uniruled.
»> By considering the relative MRC fibration for p, one shows that X, are
rationally connected.
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Many thanff for our attention!
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