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Ares & K-stability/ R. Rekoulet

K-stability of Faro varieties has very
successful, through :
·moduli theory: there is a projective
moduli space of K-polystable Faros;
· Kahler geometry: K-polystability in
equivalent to the existence of a

Kabler-Einstein metric.

Questions make sense for general
polaned varieties (X ,L)

↑ 4
prej ample

But we're not even certain of
the "right" definition of K-stability.

K-stability is often strengthened
to unform F-stability (a stronger
numerical condition] or by including
more "test degenerative" (non-Archimedean,
arc).



Goal Gue a new generic interp

of a stronger version of k-stability4

C"unform K-stability wit arcs) and
give applications to Kahler scometry.

The interpretation is through Pauli

"stability of pairs" &generalisation of
O IT)

·

We prove a conjecture
around Tian's notion of V CM

Landsticstability , and get a new proof of
La

version ofYTD for
Faroshe
-

XCIPCV) proje , GAV
reductive.

&

Want a quotient"XG
.

G it

does this, but only parametrising
"polystable" orbits in X.

Def Let veX with Lift VEV.
v is semistable ifT0.



ThmA Clumbord) There is a quotient

XG whose points correspond to

equivalence classes of serustable
orbits
, where vov'yUnt-0.

Defining v to be polystable if
ov is closed

,
the GIT quotient

parametrics polystable orbets.

Analytic characterisation : Let 1 . I bea

-
norm on

Lemma B (Kempf-Ness) v is semistable

ES GAR
g-log(g.I is bounded below

.

Numerical char let p : c*>C be
-

a one-parametersubgroup and let

Vo=iPE) . V .

Then

Mget CACVOS
as z- tVz for some

UETL
.

set u(P, vi = -U .



ThmC (Hulbert-Mumford) v is
&

senustable (=) for all 1-PS?, we
have (p, vI0.

-stabilityof pairs
G it rarely applies in higher
dimensions. Stability of pairs (Paul)
gives a flexble generalisation.
Let G A V

,
W knearly

Def(Paul) A pair [v,WSEIP(VOW)
is semistable if
viPCoow)=0.

E Let W =e
, w
= 1
,
truial action.
-

Then G . [v
, D 1 IPLOOD=#

E) 0
E U is semstability-

② maybe not ample
Ex G A (X, 1)

& 2= A -B

for A , B very ample. Set

weVA,W



semistability for xEX.
Lemna (Paul) [vW] is semustable
-

Es 7 S30 with

log1 g . rl-loglgu 17,-S
for all geG.
"Ev

,w] is analytically serustable"
(Paul-Sun-Zhang'23) 7G,

V
,
W

S.t
.

[v
,W] is not senstable

but u (P, [v,W])
=ulp, vs-ulp,wh
0 XPareS.

So numerical criterion fails.

Def(Ronaldson) An arc is a morphism

Spec ((t)) -> G
Cor 1P-6)

So these generalise I-PS.

For I an arc
,
P.t and P.

are vectors of Laurent serves.

Def u (P, (v,w])=-ordop. Fordop..



Say [v,W] is numerically semistable
of MCP, (V,W30 -P an are

The (D
.
-Reboulet) [v,W] is semistable
E [V,w] is mmerically semistable

.

We introduce polystable pairs
and prove.

Thm (D .-Reboult) TFAE:

(i) [v,W] is polystable
&(i) [v,W]

is numerically polystable
appli. Ev, i analytically polystable.

Let
applicationprog

, dimn,
ample .

* IP(H°CX, r()= IPV
,

defining two points
RxEV Axel
chow point) Iderment

point)
The set (Ho, ... , HN-EIPCHXL

+

: X1 Hon... HN-n#



is a hypersurface in a Grassmannica
-> defining section Rx EV .

The set

& (Ho, .. - , Hurn-1)e/PCH
·X
,
r*-

#X1Ho1-
.
Hun/* &3

d= (r4" =degt get DxEW.

GLCNH V
,
W , so we geta

pair[RX, Ax] eP(UOW).

Construction is related to binding
wEC(L) Kahler with constant
scalar urvature, e.g. Kahler-Emstein

The cack problem is variational :
there is a "Mabuchi functional"

M : 2 -> IR
↑space of Kahler
metric C.L).

St
.
existence of cack metrics

is equivalent (Chen-Cheng) to
existence of E,S0 5 .t.



↓ west
M(w), Elwilt-S

(TCAuto(Xil)
max torns)Set fr CI

space of Fubini-Studymetrics from XCIPCH°CXr1)
Thm (D. -Rebolet) TFAE:
-

() (X,2) is unformly K-polystable
art arcs

(ii) 7 E, Sr>0 sit.

M(w)Elwilt-Er
,

for all wEEr .
-
CM polystabilityof Tian 197.

Dependence of So on r is all
that prevents asolution of YTD.

Cu (D .
-Rebaulet

, Tran, Szekelglicht
(*
,-x) Famo is umformly
E-poly stable wrt ares

↳) (X
,
-R*) admits a Kahller-Einster
manfold .



Proofs are applications of stability
of pars. An are Pin

GLNH) A IPCHOCAr)) gives
a flat family (st

,2)
↓

, general
Speck((E))

febre (Xr4)
, by taking flat

limit.

DECt,2)=2
e)

(suitably interpreted), and we

prove this (really MNA)a the

weight u(p, [Rx, Ax]).
Result of Paul relates M on Ho
to log/g . Rx)-log (g .Ax).


